Numerical Methods

Finding Roots



Fixed Point lteration

Rewrite f(x) = 0to x = g(x)

To solve x = g(x), we iteratively calculate
Xir1 = 9(X)

The problem is how to choose g(x)so as

to ensure convergence






Fixed Point [lteration
The equation f(x) =0, where f(x) = X - 7x+ 3, may bere-
arranged to give x= (x° + 3)/7.
Intersection of thegraphsof y=x and y=(x°+ 3)/7
represent roots of the original equation X —7x+ 3=0.
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Fixed Point lteration

Therearrangement x= ()@ + 3)/7 leadsto the iteration

Xy~ +3
Xpey = — , Nn=0,123, ..
7
To find the middle root a, let initial approximation x; = 2.
X +3 _ 2843
X{ = = = 1.57143
7 7
x.°+3 _ 1571433 +3
X, = = = 0.98292
7 7
X,>+3 _ 0.98292° +3
X3 = = = 0.56423
7 7
3 3
+
y = : 3 _ 0.564273 *3 _ 445403 atc.

< Theiteration slowly convergesto givea = 0.441 (to 3 s.f.)




Fixed-point Iteration
Example(1)

To solve
r — ﬂ:.*l’HS — 2 =1
rewrite as
. B
Tnew = J1{Told) = x g + 2
or ;
Tnew — G2 Tald ) = {-Tn::nld — 2}
or

6 1 243
Lnew — .Q'E'L-TDI::I] — ;:;1;1
3 =Ty




Fixed-point Iteration

Example(2)
gria) = PR
ga(w) = (@ — 2]3
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k griTg 1) galrp 1) ggl®p 1)
0 3 3 3

1 3.4422495703 1 3 B2RGE442031
2 3.5008074493 1 35213801474
3 3.5107243050 _27 35213797068
4 35211412601 24380 3.6213797065
5 36213453678 —1.451 = 10 352137097068
6 35213747615  —3.055 = 10°7 35213707068
T 35213780046  —2.852 « 10M1% 3 E213TOTOGR
& 35213796042 " 36213797068
O 35213796020 . 36213797068



Fixed point theorem

A continuous f is contractive if there is an L < | such that
() = fy)] < L]z —y
for all ., y In the domain of J.

Note: If |f'(z)| < 1 for all =z € [a, b], then f is contractive in [a, b]

g : |a,b] — R has a unique fixed point if:
» g:la,b] — |a,b] (assures existence)

» ¢ IS contractive (assures unigqueness)




Fixed Point lteration

A fixed point iteration has the form Pra1 = 9(pr)

If g Iis continuous and lim ¢(p,) = P, then P is a fixed point of g.

TL—+

If ¢ and ¢’ are continuous in [a, b],
g(x) € |a,b) forall z € |a,b] and
po € la, b], then

> |(P)| <K <1= {p,} — P

» |4 (P)] > 1= {p,} will not converge to P




Convergent lteration

r—e "=0 = Tpi1=¢€ "k x9g=10
g(;lf) — E_x:
q - [0:1] — [0: 1]

g (x)|=e"" < 1forx >0
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Example: Fixed Point lteration

Find the largest root of 1622 — 32+ + 15 = 0 by fixed point
iteration.

Some possibilities:

cx = 1622 — 31z + 15
Lx =32z — 15/4
cx=a%)2415/32
Lx=—15/16(x — 2)
r=2—15/16x
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Ex., plot of f(z) = 162% — 322 + 15
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EX., check hypothesis

1622 — 31x + 15
— |32z — 31| > 1
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. gle) = —15/16(x — 2),

g:[1.2,1.3] — [1.17,1.34]

. gle)=2—15/16x

g:[1.2,1.3] — [1.21,1.28] and |¢'{x)| = 15/162% < 1



Ex., formulations #2 and 5

glx) =/32r — 15/4 | g(o) = 2 — 15/16x

rop = 1.2000 xrg = 1.2000
r1 = 1.2093 xr1 = 1.2188
ro = 1.2170 xro = 1.2308
r1o = 1.2463 r1o = 1.2499

—_
(R} -
o
o

r13 = 1.2470 T3 =

xor = 1.2499
rog = 1.2499




Convergence of Fixed Point Iteration

1909) < I (a), (b)

/9x)/ > 1. (c), (d)

Y2 = glx)

Xy
(c)

(h)

¥> = g(0)

(d)



Example

Find a root of x° - x¥ - 1 = Owith x,=1.5

X-1-x°=0 X =1+X X(x-1)=1
ax) 1+x7? (1 + X2)/3 (x - 1)12
g -2X7 2%/ [3(A+C)] | -1/ [2(x-1)]7]

lg'(x)] < 1 for [g'(x)] < 1 for /g'(x)] > 1 for
x>1.3 I1sxs2 xX<16

Comment




Fixed Point [teration
The rearrangement x= ()@ + 3)/7 leadsto theiteration

3
+3
Xy = X”7 . n=0123 ..

For x, =2 theiteration will converge on the middle root a, sinceg’(a) < 1.

n X 2 7
—| 0 2| (4
| 1] 1.57143|{ L5
—>| 2| 0.98292|( i
—>| 3| 0.56423|(— L y=(@+3)7
4| 0.45423 |
5| 0.44196 -
6/ 0.4409 05 | =
7| 0.44082 1
‘ 38 0.44081 - 0 L+ ;| | | b | ——— | — |
0 &)5)( 1 1.5X )%
<] 3 & 1 0 I>

a =0.441 (to 3s.f.)



1.5 Example

Root-finding problem: 0 = exp(z) — 22 — 1
Fixed-point problem: = = In(2z 4 1)

In(2x+1)
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and ¢' () = 2/(2x +1). ¢'(x) is a decreasing function.
Thus maxecp1.9 |9'(2)] = |g'(1)] =2/3

We set L = 2/3.



1.13 Error bounds

We get
e =& = |g(zr—1) — 9(&)]
< Lizg 41—
< L(|lep_1 — x| + |2 — &)
and consequently:
L
|z — €| < — L\:rk — Tp—1

This is called an a-posteriori estimate.



1.14 Error bounds (Conts.)

Analogously we can derive an a-priori bound

Lk
1—L

|z — &] < |21 — 0]

How many iterations do we need in our example for an accuracy of
|z, — & < 10757



1.15 Rate of Convergence

Definition. [1.4] Assume limy_. . 7 = &.

e Linear convergence, if

|z — &| < € and  lim Chtl

e th 0,1
Jim == g with i€ (0,1)

e Superlinear convergence if ;1 = 0.

e Sublinear convergence if 1 =1, e.g. € = klﬁ

e Asymptotic rate of convergence p = —log o pt

p large = fast (linear) convergence

p small = slow (linear) convergence




